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It is shown that surface waves with 12 diﬀerent velocities in the cases of diﬀerent magneto-electrical boundary condi-
tions can be guided by the interface of two identical magneto-electro-elastic half-spaces. The plane boundary of one of the
half-spaces is clamped while the plane boundary of the other one is free of stresses. The 12 velocities of propagation of
these surface waves are obtained is explicit forms. It is shown that the number of diﬀerent surface wave velocities decreases
from 12 to 2 if the magneto-electro-elastic material is changed to a piezoelectric material.
 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Bleustein (1968) and Gulyaev (1969) and later Danicki (1994) have shown that an elastic shear surface wave
can be guided by the free surface and by an embedded conducting plane in piezoelectric materials in class
6 mm. In this paper the existence of pure shear acoustic surface waves guided by the interface of two identical
transversely isotropic magneto-electro-elastic (Nan, 1994; Srinivas et al., 2000; Mori and Wuttig, 2002; Yang
et al., 2006) half-spaces in class 6 mm is investigated. The plane boundary of the half-space x2 < 0 is clamped
while the plane boundary of the half-space x2 > 0 is free of stresses. Discussing diﬀerent magneto-electrical
boundary conditions in the plane boundaries of the half-spaces pure shear surface waves with 12 diﬀerent
velocities of propagation are obtained.2. General equations
Let x1, x2, x3 denote rectangular Cartesian coordinates with x3 oriented in the direction of the sixfold axis
of a magneto-electro-elastic material in class 6 mm. Introducing electric potential u and magnetic potential /,
so that E1 = u,1, E2 = u,2, H1 = /,1, H2 = /,2, the ﬁve partial diﬀerential equations which govern the0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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independent of the x3 coordinate are considered. The equations of interest in the present paper are those gov-
erning the u3 component of the displacement and the potentials u, /, and can be written in the formc44r2u3 þ e15r2uþ q15r2/ ¼ q€u3;
e15r2u3  e11r2u d11r2/ ¼ 0;
q15r2u3  d11r2u l11r2/ ¼ 0;
ð1Þwhere $2 is the two-dimensional Laplacian operator, r2 ¼ o2=ox21 þ o2=ox22, q is the mass density, c44, e15, e11,
q15, d11 and l11 are elastic, piezoelectric, dielectric, piezomagnetic, electromagnetic and magnetic constants,
and the superposed dot indicates diﬀerentiation with respect to time. The constitutive equations which relate
the stresses Tij (i, j = 1,2,3), the electric displacements Di (i = 1,2,3) and the magnetic induction Bi (i = 1,2,3)
to u3, u and / areT 1 ¼ T 2 ¼ T 3 ¼ T 12 ¼ 0; D3 ¼ 0; B3 ¼ 0;
T 23 ¼ c44u3;2 þ e15u;2 þ q15/;2; T 13 ¼ c44u3;1 þ e15u;1 þ q15/;1;
D1 ¼ e15u3;1  e11u;1  d11/;1; D2 ¼ e15u3;2  e11u;2  d11/;2;
B1 ¼ q15u3;1  d11u;1  l11/;1; B2 ¼ q15u3;2  d11u;2  l11/;2:
ð2ÞSolving Eq. (1) for $2u3, $
2u and $2/ we ﬁnd that after deﬁning functions w and v byw ¼ u mu3; v ¼ / nu3 ð3Þ
the solution of Eq. (1) is reduced to the solution ofr2u3 ¼ q~c144 €u3; r2w ¼ 0; r2v ¼ 0; ð4Þ
wherem ¼ e15l11  q15d11
e11l11  d211
; n ¼ q15e11  e15d11
e11l11  d211
ð5Þand~c44 ¼ c44 þ ðe215l11  2e15q15d11 þ q215e11Þ=ðe11l11  d211Þ ¼ ce44 þ e111 ðd11e15  q15e11Þ2=ðe11l11  d211Þ
¼ cm44 þ l111 ðd11q15  e15l11Þ2=ðe11l11  d211Þ: ð6ÞIn Eq. (6) ~c44 is magneto-electro-elastically stiﬀened elastic constant, ce44 ¼ c44 þ e215=e11 is electro-elastically
stiﬀened elastic constant and cm44 ¼ c44 þ q215=l11 is magneto-elastically stiﬀened elastic constant. With the anal-
ogy to the electro-mechanical coupling coeﬃcient k2e ¼ e215=ðe11ce44Þ and the magneto-mechanical coupling coef-
ﬁcient k2m ¼ q215=ðl11cm44Þ introduce magneto-electro-mechanical coupling coeﬃcientk2em ¼ ~c144 ðe215l11  2e15q15d11 þ q215e11Þ=ðe11l11  d211Þ
¼ e215=ðe11~c44Þ þ ~c144 e111 ðq15e11  e15d11Þ2=ðe11l11  d211Þ
¼ q215=ðl11~c44Þ þ ~c144 l111 ðe15l11  q15d11Þ2=ðe11l11  d211Þ: ð7ÞFrom Eqs. (5)–(7) it follows thate15mþ q15n ¼ ~c44k2em; e11mþ d11n ¼ e15; d11mþ l11n ¼ q15;
ðe15l11  q15d11Þm ¼ ~c44l11k2em  q215;
ðq15e11  e15d11Þn ¼ ~c44e11k2em  e215:
ð8ÞUsing the introduced functions w and v and the magneto-electro-elastically stiﬀened elastic constant, the
constitutive Eq. (2) can be written in the following form:
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D1 ¼ e11w;1  d11v;1; D2 ¼ e11w;2  d11v;2;
B1 ¼ d11w;1  l11v;1; B2 ¼ d11w;2  l11v;2:
ð9Þ3. Surface waves
Introduce short notations e = e15, l = l11, d = d11, e = e11, q = q15, c = c44, ce ¼ ce44, cm ¼ cm44, ~c ¼ ~c44,
w = u3, T = T23, D = D2, B = B2 and use subscripts A and B to refer to the half-spaces x2 > 0 and x2 < 0,
respectively. As the materials in the half-spaces x2 > 0 and x2 < 0 are identical, one has that eA = eB = e,
lA = lB = l, dA = dB = d, eA = eB = e, qA = qB = q, cA = cB = c, ceA ¼ ceB ¼ ce, cmA ¼ cmB ¼ cm, ~cA ¼ ~cB ¼ ~c.
The conditions at inﬁnity require thatwA; uA; /A ! 0 as x2 !1;
wB; uB; /B ! 0 as x2 ! 1 ð10Þand the mechanical boundary conditions on the plane boundaries of the half-spaces require thatTA ¼ 0; wB ¼ 0 on x2 ¼ 0 ð11Þ
as show in Fig. 1. The mechanical free and clamped boundary conditions (11) have attracted the attention of
many researchers during recent decades (Rawlins, 1975; Rottbrand, 1998; C¸ınar and Bu¨yu¨kaksoy, 2003).
Consider the possibility of a solution of Eq. (3) and (4) of the formwA ¼ w0A expðn2x2Þ exp½iðn1x1  xtÞ;
wA ¼ w0A expðn1x2Þ exp½iðn1x1  xtÞ;
vA ¼ v0A expðn1x2Þ exp½iðn1x1  xtÞ
ð12Þin the half-space x2 > 0 and of the formwB ¼ w0B expðn2x2Þ exp½iðn1x1  xtÞ;
wB ¼ w0B expðn1x2Þ exp½iðn1x1  xtÞ;
vB ¼ v0B expðn1x2Þ exp½iðn1x1  xtÞ
ð13Þin the half-space x2 < 0. These expressions satisfy the conditions (10) if n1 > 0 and n2 > 0; the second and the
third of Eq. (4) are identically satisﬁed and the ﬁrst of Eq. (4) requires~cðn21  n22Þ ¼ qx2: ð14Þ
Now the mechanical boundary conditions (11) together with diﬀerent magneto-electrical contact conditions
on x2 = 0 must be satisﬁed. The following cases of magneto-electrical contact conditions on x2 = 0 are of our
interest in the present paper:Fig. 1. The identical magneto-electro-elastic half-spaces with clamped and free boundaries.
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ð1bÞ DA ¼ 0; uB ¼ 0; /A ¼ /B ¼ 0;
ð1cÞ DA ¼ DB ¼ 0; BB ¼ 0; /A ¼ 0;
ð1dÞ DA ¼ 0; uB ¼ 0; BB ¼ 0; /A ¼ 0;
ð2aÞ uA ¼ 0; DB ¼ 0; BA ¼ BB ¼ 0;
ð2bÞ uA ¼ uB ¼ 0; BA ¼ BB ¼ 0;
ð2cÞ uA ¼ 0; DB ¼ 0; BA ¼ 0; /B ¼ 0;
ð2dÞ uA ¼ uB ¼ 0; BA ¼ 0; /B ¼ 0;
ð3aÞ uA ¼ uB ¼ 0; /A ¼ /B ¼ 0;
ð3bÞ uA ¼ 0; DB ¼ 0; /A ¼ /B ¼ 0;
ð3cÞ uA ¼ uB ¼ 0; BB ¼ 0; /A ¼ 0;
ð3dÞ uA ¼ 0; DB ¼ 0; BB ¼ 0; /A ¼ 0;
ð4Þ DA ¼ DB ¼ 0; BA ¼ BB; /A ¼ /B;
ð5Þ DA ¼ DB; uA ¼ uB; BA ¼ BB ¼ 0;
ð6Þ DA ¼ DB; uA ¼ uB; BA ¼ BB; /A ¼ /B;
ð7Þ DA ¼ DB; uA ¼ uB; /A ¼ /B ¼ 0;
ð8Þ uA ¼ uB ¼ 0; BA ¼ BB; /A ¼ /B;
ð9Þ DA ¼ 0; uB ¼ 0; BA ¼ BB; /A ¼ /B;
ð10Þ DA ¼ DB; uA ¼ uB; BA ¼ 0; /B ¼ 0;
ð11Þ DA ¼ DB; uA ¼ uB; BB ¼ 0; /A ¼ 0;
ð12Þ uA ¼ 0; DB ¼ 0; BA ¼ BB; /A ¼ /B;
ð13aÞ DA ¼ DB ¼ 0; BA ¼ BB ¼ 0;
ð13bÞ DA ¼ 0; uB ¼ 0; BA ¼ BB ¼ 0;
ð13cÞ DA ¼ DB ¼ 0; BA ¼ 0; /B ¼ 0;
ð13dÞ DA ¼ 0; uB ¼ 0; BA ¼ 0; /B ¼ 0:
ð15ÞEach of the 25 groups of conditions in Eq. (15) together with Eq. (11), Eqs. (12) and (13) leads to a system of
six homogeneous algebraic equations for w0A, w0A, v0A, w0B, w0B, v0B, the existence of nonzero solution of
which requires that the determinant of that system must be equal to zero. This condition for the determinant
together with Eq. (14) determines the surface wave velocities Vs = x/n1. In the case of (1a) of Eq. (15) this
procedure leads to a surface wave with velocityV 2s1 ¼ ð~c=qÞð1 ½k2em  e2=ð~ceÞ2Þ: ð16Þ
The same velocity is obtained in the cases (1b)–(1d). Each of the cases (2a)–(2d) leads to a surface wave with
velocityV 2s2 ¼ ð~c=qÞð1 ½k2em  q2=ð~clÞ2Þ ð17Þ
and each of the cases (3a)–(3d) leads to a surface wave with velocityV 2s3 ¼ ð~c=qÞð1 k4emÞ: ð18Þ
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ð19ÞThe cases (13a)–(13d) do not lead to any surface wave.
If the magneto-electro-elastic material degenerates to a piezoelectric material, so that q! 0, d! 0, the sur-











; ð20Þso that the number of diﬀerent surface wave velocities decreases from 12 to 2 when the magneto-electro-elastic
material is changed to a piezoelectric material. In Eq. (20) Vbg is the Bleustein–Gulyaev surface wave speed.
4. Conclusion
It is shown that surface waves with 12 diﬀerent velocities in the cases of diﬀerent magneto-electrical bound-
ary conditions can be guided by the interface of two identical magneto-electro-elastic half-spaces with
clamped/free boundaries. The 12 velocities of propagation of shear surface waves are obtained in explicit
forms. The number of diﬀerent surface wave velocities decreases from 12 to 2 when the magneto-electro-elastic
material is changed to a piezoelectric material. This signiﬁcant increase of the number of diﬀerent surface
waves when elastic, electric and magnetic ﬁelds are fully connected suggests a huge number of applications
of magneto-electro-elastic materials in surface acoustic wave devices, microelectronics, information technolo-
gies, signal processing, medicine, military, seismology and many other ﬁelds of science and technology.
The present paper will be a basis for further analytical and numerical investigations in the ﬁeld of magneto-
electro-elastic materials. New surface waves are expected to be obtained by applying the approach of this
paper to the cases of other boundary conditions in magneto-electro-elastic materials.
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